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|𝜓⟩

⟨𝜓|𝜓⟩ = 1

⟨𝜓| |𝜓⟩

|𝜓⟩ = 𝛼1|𝜓1⟩ + 𝛼2|𝜓2⟩ + ⋯+ 𝛼𝑁|𝜓𝑁⟩

|𝜓⟩ |𝜓1⟩ |𝜓2⟩ |𝜓𝑁⟩



 

∑∑𝛼𝑖
∗

 

𝑗

𝑎𝑗
 

 

𝑖

⟨𝜓𝑖|𝜓𝑗⟩ = 1



 

𝛼1 𝛼2 𝛼𝑁

|𝛼𝑖|
2 𝛼𝑖𝛼𝑖

∗,

|𝜓⟩ |𝜓1⟩ |𝜓2⟩… |𝜓𝑁⟩



 

 

𝑠 =

|𝜓⟩ ∈ 𝐻

|𝜓⟩

|𝜓⟩ = |𝜓1⟩

𝐻 = ℂ2

|0⟩ |1⟩

|𝜓⟩ =
1

√2
|0⟩ +

1

√2
|1⟩

|
1

√2
|
2

+ |
1

√2
|
2

= 1

|𝜓⟩

|0⟩ |1⟩

|0⟩

|1⟩

𝑆 = {|𝜓1⟩, |𝜓2⟩, … |𝜓𝑁⟩}

𝑝𝑖 ≔ 𝑃[𝑠 = |𝜓𝑖⟩]

|0⟩ |1⟩



 

|0⟩ |
1

√2
|
2

= 0.5 |1⟩

|
1

√2
|
2

= 0.5

�̂� = ∑𝑝𝑖

 

𝑖

|𝜓𝑖⟩⟨𝜓𝑖| 

𝑃[𝑠 = |𝜓⟩] = 1

�̂� = |𝜓⟩⟨𝜓|

 �̂� = �̂�†

 �̂� ≥ 0

 𝑇𝑟[�̂�] = 1

 𝑇𝑟[�̂�2] ≤ 1 𝑇𝑟[�̂�2] = 1

 



 

𝑖ℏ
𝜕

𝜕𝑡
Ψ(𝑟, 𝑡) = �̂�Ψ(𝑟, 𝑡)

ℏ
ℎ

2𝜋
Ψ(𝑟, 𝑡)

�̂�

Ψ(𝑟, 𝑡) = 𝑈(𝑡)Ψ(𝑟, 0)

𝑈(𝑡)

|𝜓(𝑡)⟩ = 𝑈(𝑡)|𝜓(𝑡)⟩

𝑈(𝑡)

𝑈(𝑡) = 𝑒−
𝑖�̂�𝑡
ℏ

𝑈†𝑈 = 𝑈𝑈† = 𝐼

 



 

 

|𝐴⟩

|𝐵⟩

𝑀|𝐴⟩ = |𝐵⟩

 

|𝜆⟩

𝑀|𝜆⟩ = 𝜆|𝜆⟩

𝜆 |𝜆⟩

𝑀 = 𝑀†



 

|𝜆⟩ 𝜆

𝜆

 

 

 

𝜆𝑖

𝜆𝑖

|𝜆𝑖⟩

 

 |𝐴⟩

𝜆𝑖

𝑃(𝜆𝑖) = ⟨𝐴|𝜆𝑖⟩⟨𝜆𝑖|𝐴⟩

𝜆𝑖 |𝜆𝑖⟩

 

𝜎𝑥 𝜎𝑦 𝜎𝑧

|𝑢𝑝⟩ |𝑑𝑜𝑤𝑛⟩

|𝑢𝑝⟩ = (
1
0
)           |𝑑𝑜𝑤𝑛⟩ = (

0
1
)

|𝑢𝑝⟩ 𝜆𝑢𝑝 = 1 |𝑑𝑜𝑤𝑛⟩ 𝜆𝑑𝑜𝑤𝑛 = −1

𝜎𝑧 = (
1 0
0 −1

)



 

𝜎𝑧|𝑢𝑝⟩ = (
1 0
0 −1

) (
1
0
) = 1 (

1
0
) = |𝑢𝑝⟩

𝜎𝑧|𝑑𝑜𝑤𝑛⟩ = (
1 0
0 −1

) (
0
1
) = −1(

0
1
) = −|𝑑𝑜𝑤𝑛⟩

|𝑢𝑝⟩

𝜆𝑢𝑝 = 1

|𝑢𝑝⟩

|𝑑𝑜𝑤𝑛⟩ 𝜆𝑑𝑜𝑤𝑛 = −1 −|𝑑𝑜𝑤𝑛⟩

 

|𝑟⟩ =
1

√2
|𝑢𝑝⟩ +

1

√2
|𝑑𝑜𝑤𝑛⟩

𝜎𝑧

𝜎𝑧|𝑟⟩ = 𝜎𝑧

1

√2
|𝑢𝑝⟩ + 𝜎𝑧

1

√2
|𝑑𝑜𝑤𝑛⟩ =

1

√2
|𝑢𝑝⟩ −

1

√2
|𝑑𝑜𝑤𝑛⟩

|𝑢𝑝⟩ |𝑑𝑜𝑤𝑛⟩

 

𝜆𝑖



 

𝑃(𝜆𝑖)

〈𝐿〉 = ∑𝜆𝑖𝑃(𝜆𝑖)

 

𝑖

〈𝐿〉 = 〈𝜓|𝐿|𝜓〉

|𝜓⟩

|𝜓⟩ = ∑𝛼𝑖

 

𝑖

|𝜆𝑖⟩

𝐿|𝜆𝑖⟩ = 𝜆𝑖|𝜆𝑖⟩

𝐿|𝜓⟩ = ∑𝛼𝑖

 

𝑖

𝐿|𝜆𝑖⟩ = ∑ 𝛼𝑖

 

𝑖

𝜆𝑖|𝜆𝑖⟩

⟨𝜓|

⟨𝜓|𝐿|𝜓⟩ = ∑(𝛼𝑖
∗

 

𝑖

𝛼𝑖)𝜆𝑖

(𝛼𝑖
∗𝛼𝑖)

�̂�

|𝜓⟩

〈𝐿〉 = 𝑇𝑟(𝐿�̂�)

𝑇𝑟()

 



 

𝑓𝑖(𝑟, 𝑡)

(∇2 −
1

𝑐2

𝜕2

𝜕𝑡2
)𝑓𝑖(𝑟, 𝑡) = 0

𝐸(𝑟, 𝑡)

𝐸(𝑟, 𝑡) = ∑(
ℏ𝜔𝑖

2𝜖0𝑉
)

1
2⁄

(𝑎𝑖𝑓𝑖(𝑟, 𝑡) + 𝑎𝑖
∗𝑓𝑖

∗(𝑟, 𝑡))

𝑁

𝑖=1

𝜔𝑖

𝑓𝑖 𝑎𝑖 =
(𝑞𝑖+𝑖𝑝𝑖)

2

𝑞𝑖 𝑝𝑖

𝐸(𝑟, 𝑡)

𝑎𝑖 → �̂�𝑖

𝑎𝑖
∗ → �̂�𝑖

†

�̂�𝑖 �̂�𝑖
†

�̂�𝑖 = �̂�𝑖 + �̂�𝑖
†,       �̂�𝑖 = 𝑖(�̂�𝑖

† − �̂�𝑖)



 

𝜔

ℏ𝜔

𝐸𝑅 = (𝑛 +
1

2
)ℏ𝜔,           𝑛 = 0, 1, 2, 3, …

1

2
ℏ𝜔

ℏ𝜔.

ℏ𝜔

�̂�𝑖 �̂�𝑖
†

|𝑛𝑖⟩

𝑛𝑖

𝑓𝑖(𝑟, 𝑡)



 

|𝑛𝑖⟩

�̂�𝑖 |𝑛𝑖⟩ = √𝑛𝑖|𝑛𝑖 − 1⟩

�̂�𝑖
† |𝑛𝑖⟩ = √𝑛𝑖 + 1|𝑛𝑖 + 1⟩

|𝑛𝑖 − 1⟩

|𝑛𝑖 + 1⟩

�̂�𝑖 = �̂�𝑖
†�̂�𝑖

𝑛𝑖

�̂�𝑖
†�̂�𝑖|𝑛𝑖⟩ = �̂�𝑖|𝑛𝑖⟩ = 𝑛𝑖|𝑛𝑖⟩

[�̂�𝑖, �̂�𝑗
†] = �̂�𝑖�̂�𝑗

† − �̂�𝑗
†�̂�𝑖 = 𝛿𝑖,𝑗



 

�̂�𝑖 �̂�𝑖

�̂�𝑖 �̂�𝑖

�̂�(𝑟, 𝑡) = ∑(
ℏ𝜔𝑖

2𝜖0𝑉
)

1
2⁄

(�̂�𝑖𝑓𝑖(𝑟, 𝑡) + �̂�𝑖
†𝑓𝑖

∗(𝑟, 𝑡))

𝑁

𝑖=1

𝑓𝑖(𝑟, 𝑡)

�̂�(𝑟, 𝑡)

|0⟩

�̂�𝑖|0⟩ = 0

|𝑛𝑖⟩ 𝑛𝑖

|𝑛𝑖⟩ =
(�̂�𝑖

†)
𝑛𝑖

|0⟩

(𝑛𝑖)!



 

 

 

{�̂�𝑘, �̂�𝑘
†}

𝑘=1

𝑁

{�̂�𝑘, �̂�𝑘
 }𝑘=1

𝑁

�̂� = (�̂�1, �̂�1
 , … , �̂�𝑁 , �̂�𝑁

 )

�̂�

�̂�𝑘 �̂�𝑘
 

�̅� = 〈�̂�〉 = 𝑇𝑟(�̂��̂�)

𝑉𝑖𝑗 ≔
1

2
〈{∆�̂�𝑖,   ∆�̂�𝑗}〉

{�̂�, �̂�} = �̂��̂� + �̂��̂� ∆�̂�𝑖 = �̂�𝑖 −

〈�̂�𝑖〉

𝑉𝑖𝑖 = 𝑉(�̂�𝑖) = 〈(�̂�𝑖)
2〉 = 〈�̂�𝑖

2〉 − 〈�̂�𝑖〉
2



 

 

�̂� |𝛼⟩ = 𝛼|𝛼⟩

𝛼 = |𝛼|exp (𝑖𝜑)

|𝛼|

𝜑

|𝛼⟩ = 𝑒−
|𝛼|2

2 ∑
𝛼𝑛

√𝑛!

∞

𝑛=0

|𝑛⟩

�̅� = (𝑞, 𝑝) = (
𝛼 + 𝛼∗

2
,
𝛼 − 𝛼∗

2
) = (|𝛼|cos (𝜑), |𝛼|sin (𝜑))

𝑉 = 𝕀2 = (
1 0
0 1

)

𝛼 = 0 |0⟩

𝑉(�̂�𝑖)𝑉(�̂�𝑖) ≥ 1

�̂�𝑖 �̂�𝑖



 

|0⟩ |𝛼⟩

𝛼 = 4 + 4𝑖

 

𝜌𝑇 = ∑
𝑁𝑇

𝑛

(𝑁𝑇 + 1)𝑛+1

∞

𝑛=1

|𝑛⟩⟨𝑛|

𝑁𝑇

𝜔

𝑁𝑇 =
1

exp[ℏ𝜔 𝑘𝐵𝑇⁄ ] − 1

𝑘𝐵

�̅� = (𝑞, 𝑝) = (0,0)

𝑉 = (2𝑁𝑇 + 1)𝕀2 = (
2𝑁𝑇 + 1 0

0 2𝑁𝑇 + 1
)



 

𝑁𝑇

 𝑁𝑇 > 0

𝜌𝑇

𝑁𝑇 = 3

𝑁𝑇

𝑁𝑇

 

�̂�𝑖 �̂�𝑖

 

�̂�1 �̂�2



 

�̂�1 �̂�2

|Ψ⟩ = |𝜓⟩1⨂|𝜙⟩2

|𝛹⟩ = ∑ √
𝑁𝑠

𝑛

(𝑁𝑠 + 1)𝑛+1

∞

𝑛=0

|𝑛⟩1|𝑛⟩2

𝑁𝑠 ⟨�̂�1⟩ = ⟨�̂�2⟩ = 𝑁𝑠

|𝑛⟩1 |𝑛⟩2

�̅� ≔ ⟨�̂�⟩ = [0,  0,  0,  0]𝑇

𝑉 =

(

 
 

𝑆 0 𝐶𝑞    0

0 𝑆 0 −𝐶𝑞

𝐶𝑞

0

0
−𝐶𝑞

𝑆
0

    0

    𝑆 )

 
 

𝑆 = 2𝑁𝑠 + 1 𝐶𝑞 = 2√𝑁𝑠(𝑁𝑠 + 1)

𝑃(𝑝1, 𝑝2) 𝑃(𝑞1, 𝑞2)



 

𝑁𝑠 = 3

 



 

 

 



 

 

𝑓𝑝

𝑓𝑝 = 𝑓𝑠 + 𝑓𝑖



 

|𝛹⟩𝑆𝐼 = ∑ √
𝑁𝑠

𝑛

(𝑁𝑠 + 1)𝑛+1

∞

𝑛=0

|𝑛⟩𝑆|𝑛⟩𝐼

𝑁𝑠 ⟨�̂�𝐼⟩ = ⟨�̂�𝑆⟩ = 𝑁𝑠

|𝑛⟩𝑆 |𝑛⟩𝐼

�̂�𝑆𝐼 = |Ψ⟩𝑆𝐼⟨Ψ|
𝑆𝐼

�̂� = (�̂�𝑆, �̂�𝑆
 , �̂�𝐼 , �̂�𝐼

 )𝑇

�̅� ≔ ⟨�̂�⟩ = [

𝑇𝑟(�̂�𝑆�̂�𝑆𝐼)
𝑇𝑟(�̂�𝑆�̂�𝑆𝐼)
𝑇𝑟(�̂�𝐼�̂�𝑆𝐼)
𝑇𝑟(�̂�𝐼�̂�𝑆𝐼)

]



 

𝑉 =

(

  
 

2𝑁𝑠 + 1           0
0              2𝑁𝑠 + 1

2√𝑁𝑠(𝑁𝑠 + 1) 0

0 −2√𝑁𝑠(𝑁𝑠 + 1)

2√𝑁𝑠(𝑁𝑠 + 1) 0

0 −2√𝑁𝑠(𝑁𝑠 + 1)

2𝑁𝑠 + 1             0
0 2𝑁𝑠 + 1 )

  
 

𝑀 = 𝑇𝑊

 

𝐻0

𝐻1

 𝑯𝟎

�̂�𝑁𝑇
𝑁𝑇𝐻0

= 𝑁𝑇



 

�̂�𝑁𝑆
𝑁𝑆

�̂�𝑅𝐼
(0)

�̂�𝑅𝐼
(0) = (�̂�𝑁𝑇

⨂�̂�𝑁𝑆
)

�̂� = (�̂�𝑇 , �̂�𝑇
 , �̂�𝐼 , �̂�𝐼

 )𝑇

�̅� ≔ ⟨�̂�⟩ =

[
 
 
 
 
 𝑇𝑟(�̂�𝑇�̂�𝑅𝐼

(0)
)

𝑇𝑟(�̂�𝑇�̂�𝑅𝐼
(0)

)

𝑇𝑟(�̂�𝐼�̂�𝑅𝐼
(0)

)

𝑇𝑟(�̂�𝐼�̂�𝑅𝐼
(0)

)]
 
 
 
 
 

=

[
 
 
 
 
𝑇𝑟(�̂�𝑇�̂�𝑁𝑇

⨂�̂�𝑁𝑆
)

𝑇𝑟(�̂�𝑇�̂�𝑁𝑇
⨂�̂�𝑁𝑆

)

𝑇𝑟(�̂�𝑁𝑇
⨂ �̂�𝐼�̂�𝑁𝑆

)

𝑇𝑟(�̂�𝑁𝑇
⨂ �̂�𝐼�̂�𝑁𝑆

)]
 
 
 
 

= [

0
0
0
0

]

𝑉11 =
1

2
〈{�̂�𝑇 ,   �̂�𝑇}〉 = 2𝑁𝑇 + 1

𝑉22 =
1

2
〈{�̂�𝑇 ,   �̂�𝑇}〉 = 2𝑁𝑇 + 1

𝑉33 =
1

2
〈{�̂�𝐼 ,   �̂�𝐼}〉 = 2𝑁𝑠 + 1

𝑉44 =
1

2
〈{�̂�𝐼 ,   �̂�𝐼}〉 = 2𝑁𝑠 + 1

𝑉0 = (

𝐵 0 0 0
0 𝐵 0 0
0
0

0
0

𝑆
0

0
𝑆

)

𝐵 = 2𝑁𝑇 + 1 𝑆 = 2𝑁𝑠 + 1



 

 𝑯𝟏

�̂�𝑅𝐼
(1) = (�̂�𝑁𝑇

⨂�̂�𝑇𝑀𝑆𝑉) �̂�𝑁𝑇

𝑁𝑇𝐻1
=

𝑁𝑇

1−𝜅
�̂�𝑇𝑀𝑆𝑉

𝜅 ≪ 1

𝐵(𝜅) ≔ [
√1 − 𝜅 𝕀 √𝜅 𝕀

−√𝜅 𝕀 √1 − 𝜅 𝕀
]

�̂�𝑆

�̂�𝑇

𝜅 ≪ 1 �̂�𝑅 =

√𝜅�̂�𝑆 + √1 − 𝜅�̂�𝑇



 

�̂� ≔

[
 
 
 
 √𝜅�̂�𝑆 + √1 − 𝜅�̂�𝑇

√𝜅�̂�𝑆 + √1 − 𝜅�̂�𝑇

�̂�𝐼

�̂�𝐼 ]
 
 
 
 

�̅� ≔ ⟨�̂�⟩ =

[
 
 
 
 
 𝑇𝑟(�̂�𝑅�̂�𝑅𝐼

(1)
)

𝑇𝑟(�̂�𝑅�̂�𝑅𝐼
(1)

)

𝑇𝑟(�̂�𝐼�̂�𝑅𝐼
(1)

)

𝑇𝑟(�̂�𝐼�̂�𝑅𝐼
(1)

)]
 
 
 
 
 

= [

0
0
0
0

]

𝑉11 = 𝑉22 = 2𝜅𝑁𝑆 + 2𝑁𝑇 + 1

𝑉33 = 𝑉44 = 2𝑁𝑠 + 1

𝑉13 = √𝜅𝐶𝑞 = 2√𝜅√𝑁𝑠(𝑁𝑠 + 1)

𝑉24 = −√𝜅𝐶𝑞 = −2√𝜅√𝑁𝑠(𝑁𝑠 + 1)

𝑉1 =

(

  
 

2𝜅𝑁𝑆 + 2𝑁𝑇 + 1 0
            0        2𝜅𝑁𝑆 + 2𝑁𝑇 + 1

2√𝜅√𝑁𝑠(𝑁𝑠 + 1) 0

0 −2√𝜅√𝑁𝑠(𝑁𝑠 + 1)

2√𝜅√𝑁𝑠(𝑁𝑠 + 1) 0

0 −2√𝜅√𝑁𝑠(𝑁𝑠 + 1)

2𝑁𝑠 + 1                  0
0                    2𝑁𝑠 + 1 )

  
 

√𝜅

 

𝐻0

𝑁𝑇𝐻0
= 𝑁𝑇 𝑁𝑇



 

𝐻1 𝑁𝑇𝐻1
=

𝑁𝑇

1−𝜅

(1 − 𝜅)

(1 − 𝜅)

𝐻1

 

𝑆𝑁𝑅 ≈
𝑀𝜅𝑁𝑠

𝑁𝑇

 

�̂�𝑅𝐼
(1) − �̂�𝑅𝐼

(0)

�̂�𝑅𝐼
(1) − �̂�𝑅𝐼

(0)
{𝛾𝑛

(+)
}

Pr(𝑒) =
1

2
(1 − ∑𝛾𝑛

(+)

𝑛

)



 

�̂�𝑅𝐼
(1) − �̂�𝑅𝐼

(0)

𝑁𝑆

𝑀 ≫  1

1

2
(1 − √1 − [𝑡𝑟 ((�̂�(0))

1
2 (�̂�(1))

1
2)]

2𝑀

) ≤ 𝑃𝑟(𝑒) ≤
1

2
[𝑡𝑟 ((�̂�(0))

1
2 (�̂�(1))

1
2)]

𝑀

1

2
(1 − √1 − 𝑒−2𝑀𝐵) ≤ 𝑃𝑟 (𝑒) ≤

1

2
𝑒−𝑀𝐵

𝐵 = 𝜅𝑁𝑠(√𝑁𝑇 + 1 − √𝑁𝑇)
2

𝐵 ≈
𝜅𝛾𝑠

𝑁𝑇

𝛾𝑠 =
𝑁𝑠(1 + 𝑁𝑠)[1 + 𝑁𝑠 − √𝑁𝑠(1 + 𝑁𝑠)]

1 + 𝑁𝑠 + √𝑁𝑠(1 + 𝑁𝑠)

𝑁𝑠 ≪ 1

𝛾𝑠 ≈ 𝑁𝑠



 

𝜅 ≪ 1

𝑁𝑠 ≪ 1 𝑁𝑇 ≫

1

1

4
𝑒

−𝑀
𝜅𝑁𝑠
2𝑁𝑇  ≤ Pr(𝑒) ≤

1

2
𝑒

−𝑀
𝜅𝑁𝑠
4𝑁𝑇

1

2
(1 − √1 − 𝑒

−2𝑀
𝜅𝑁𝑠
𝑁𝑇 ) ≤ 𝑃𝑟(𝑒) ≤

1

2
𝑒

−𝑀
𝜅𝑁𝑠
𝑁𝑇

𝑁𝑇 = 20 𝜅 = 0.01 𝑁𝑆 = 0.01

𝑁𝑠  = 0.01



 

𝑁𝑆

(𝑁𝑆 ≫ 1)

𝑁𝑇 = 20 𝜅 = 0.01 𝑁𝑆 = 1

𝑁𝑠  = 1



 

𝑀 = 109 𝑁𝑆

 

𝑉1



 

�̂�𝑅
(𝑘) �̂�𝐼

(𝑘)

1 ≤ 𝑘 ≤ 𝑀

�̂�(𝑘) = √𝐺�̂�𝐼
(𝑘) + √𝐺 − 1�̂�𝑅

†(𝑘)

�̂�(𝑘) = √𝐺�̂�𝑅
(𝑘) + √𝐺 − 1�̂�𝐼

†(𝑘)

𝐺 = 1 + 𝜖2

𝜖2 =
𝑁𝑆

√𝑁𝑇

�̂�(𝑘) 𝑁𝑘 = 〈�̂�†(𝑘)�̂�(𝑘)〉

𝑁0 = 〈�̂�†(𝑘)�̂�(𝑘)〉 = 𝑇𝑟(�̂�†(𝑘)�̂�(𝑘)�̂�𝑅𝐼
(0)

) = 𝑇𝑟(�̂�†(𝑘)�̂�(𝑘)(�̂�𝑁𝑇
⨂�̂�𝑁𝑆

))

𝑁1 = 〈�̂�†(𝑘)�̂�(𝑘)〉 = 𝑇𝑟(�̂�†(𝑘)�̂�(𝑘)�̂�𝑅𝐼
(1)

) = 𝑇𝑟(�̂�†(𝑘)�̂�(𝑘)(�̂�𝑁𝑇
⨂�̂�𝑇𝑀𝑆𝑉))

�̂�(𝑘) = √𝐺�̂�𝐼
(𝑘) +

√𝐺 − 1�̂�𝑅
†(𝑘) �̂�𝑅

(𝑘) = √𝜅�̂�𝑆
(𝑘) + √1 − 𝜅�̂�𝑇

(𝑘)

𝑁0 = 𝐺𝑁𝑆 + (𝐺 − 1)(1 + 𝑁𝑇)

𝑁1 = 𝐺𝑁𝑆 + (𝐺 − 1)(1 + 𝑁𝑇 + 𝜅𝑁𝑆) + 2√𝐺(𝐺 − 1)√𝜅𝑁𝑆(𝑁𝑆 + 1)



 

𝑁 = ∑ 𝑁𝑘

𝑀

𝑘=1

𝑃𝑁|𝐻𝑚
(𝑛|𝐻𝑚) = (

𝑛 + 𝑀 − 1
𝑛

)
𝑁𝑚

𝑛

(1 + 𝑁𝑚)𝑛+𝑀

𝑛 = 0, 1, 2, … 𝑚 = 0  1 𝐻0 𝐻1

𝑃𝑁|𝐻0
(𝑛|𝐻0) 𝑃𝑁|𝐻1

(𝑛|𝐻1)

Pr(𝑒) ≤
1

2
𝑒−𝑀𝑅𝐵

𝑅𝐵 ≈
𝜅𝑁𝑆

2𝑁𝑇



 

𝑀 ≫ 1

𝑃𝑁|𝐻𝑚
(𝑛|𝐻𝑚)

𝑁(𝑚𝑚, 𝜎𝑚
 )

𝑃𝑁|𝐻0
(𝑛|𝐻0) ~ 𝑁(𝑀𝑁0, √𝑀𝑁0(𝑁0 + 1) )

𝑃𝑁|𝐻1
(𝑛|𝐻1)~ 𝑁(𝑀𝑁1, √𝑀𝑁1(𝑁1 + 1) )

𝑀 ≫ 1

𝑃𝑂𝑃𝐴−𝐺𝑎𝑢𝑠𝑠 =
1

2
𝑒𝑟𝑓𝑐(√𝑅𝑂𝑃𝐴𝑀) ≈

𝑒−𝑀𝑅𝑂𝑃𝐴

2√𝜋𝑀𝑅𝑂𝑃𝐴

𝑅𝑂𝑃𝐴 = (𝑁1 − 𝑁0)
2/2(𝜎1 + 𝜎0)

2

𝑁𝑡ℎ = ⌈
𝑀(𝜎1𝑁0 + 𝜎0𝑁1)

𝜎1 + 𝜎0
⌉

𝐻0 𝑁 < 𝑁𝑡ℎ

𝐻1



 

 

 𝐻0 𝐻0

 𝐻1 𝐻0

 𝐻1 𝐻1

 𝐻0 𝐻1

𝑃𝐹𝐴 𝑃𝑀

𝑝(𝐻0) = 0,5

𝑝(𝐻1) = 0,5

𝑃𝑒 = 𝑝(𝐻0)𝑃𝐹𝐴 + 𝑝(𝐻1)𝑃𝑀 = 0.5(𝑃𝐹𝐴 + 𝑃𝑀)



 

 

 

𝑁𝑇 ≅ 20

 

104

 

 



 

 

(𝑀 = 𝑇𝑊),

𝑁𝑠 ≪ 1 𝜅 ≪

1

𝑊 = 1 𝑇𝐻𝑧

𝑇 = 1𝜇𝑠 𝑀 = 106

𝑊 = 100 𝑀𝐻𝑧

𝑇 = 10 𝑚𝑠

 



 

 

 

𝜅 ≪ 1

 



 

 

 

 

𝑚𝑎𝑡_𝑑𝑖𝑚 +  1

𝑎𝑛𝑛𝑖ℎ𝑖𝑙𝑎𝑡𝑖𝑜𝑛 =

(

 
 
 

0 √1
0   0

0 0

√2  0
⋯ 0
⋯ 0

0   0
0  0

   0 √3
  0  0

⋯ 0
⋱ ⋮

⋮    ⋮
0   0

  ⋮   ⋮
  0   0

⋮ √𝑁
0 0 )

 
 
 

𝑐𝑟𝑒𝑎𝑡𝑖𝑜𝑛 =

(

 
 
 

0 0

√1 0
0 0
0 0

⋯ 0
⋯ 0

0 √2
0 0

0 0

√3 0
⋯ 0
⋯ 0

⋮ ⋮
0 0

⋮ ⋱
0 0

⋯ ⋮

√𝑁 0)

 
 
 

 

𝑚𝑎𝑡_𝑑𝑖𝑚 +  1

𝑛𝑢𝑚𝑏𝑒𝑟_𝑠𝑡𝑎𝑡𝑒𝑠 =

(

  
 

1 0
0 1

0 0
0 0

⋯ 0
⋯ 0

0 0
0 0

1 0
0 1

⋯ 0
⋯ 0

⋮ ⋮
0 0

⋮ ⋮
0 0

⋱ ⋮
0 1)

  
 

 



 

 

 𝑵𝑺

 

 𝑵𝑻

 

 𝜿

 

 

 

 



 

 

 

𝑉𝑇𝑀𝑆𝑉

 𝑯𝟎

𝑁𝑇𝐻0
= 𝑁𝑇 𝑁𝑆



 

𝑉0

 𝑯𝟏

𝑁𝑇𝐻1
=

𝑁𝑇

1−𝜅

𝑉1

 

𝜅

𝐻 = 0 1

𝑁0 𝑁1 𝐻0

𝐻1



 

 

105 107

𝑁0 𝑁1

𝐻0 𝐻1

𝑃𝑁|𝐻0
(𝑛|𝐻0) ~ 𝑁(𝑀𝑁0, √𝑀𝑁0(𝑁0 + 1) )

𝑃𝑁|𝐻1
(𝑛|𝐻1)~ 𝑁(𝑀𝑁1, √𝑀𝑁1(𝑁1 + 1) )

𝑁𝑡ℎ = ⌈
𝑀(𝜎1𝑁0 + 𝜎0𝑁1)

𝜎1 + 𝜎0
⌉

 𝑯𝟎

𝑃𝑁|𝐻0
(𝑛|𝐻0)

(𝑁 ≥ 𝑁𝑡ℎ) 𝐻1

(𝑁 <

𝑁𝑡ℎ) 𝐻0

 

𝑃𝐹𝐴

 𝑯𝟏



 

𝑃𝑁|𝐻1
(𝑛|𝐻1)

(𝑁 ≥ 𝑁𝑡ℎ) 𝐻1

(𝑁 < 𝑁𝑡ℎ)

𝐻0

 

𝑃𝑀

𝑃𝑒 = 𝑝(𝐻0)𝑃𝐹𝐴 + 𝑝(𝐻1)𝑃𝑀 = 0.5(𝑃𝐹𝐴 + 𝑃𝑀)

 

 

1

2
(1 − √1 − 𝑒−2𝑀𝜅𝑁𝑠(√𝑁𝑇+1−√𝑁𝑇)

2

) ≤ Pr(𝑒) ≤
1

2
𝑒−𝑀𝜅𝑁𝑠(√𝑁𝑇+1−√𝑁𝑇)

2

 

1

2
(1 − √1 − 𝑒

−2𝑀
𝜅𝛾𝑠
𝑁𝑇 ) ≤ 𝑃𝑟 (𝑒) ≤

1

2
𝑒

−𝑀
𝜅𝛾𝑠
𝑁𝑇



 

𝛾𝑠 =
𝑁𝑠(1 + 𝑁𝑠)[1 + 𝑁𝑠 − √𝑁𝑠(1 + 𝑁𝑠)]

1 + 𝑁𝑠 + √𝑁𝑠(1 + 𝑁𝑠)
 



 

 

 

 

 

 

 

𝑁𝑆  

 

𝜅  



 

 

𝑁𝑆

𝑵𝑺 𝑭𝒓𝒆𝒄𝒖𝒆𝒏𝒄𝒊𝒂 𝑻𝒆𝒎𝒑𝒆𝒓𝒂𝒕𝒖𝒓𝒂 𝑵𝑻 𝜿 𝑴

[105: 104: 107]



 

𝑁𝑆

𝑵𝑺
𝑭𝒓𝒆𝒄𝒖𝒆𝒏𝒄𝒊𝒂 𝑻𝒆𝒎𝒑𝒆𝒓𝒂𝒕𝒖𝒓𝒂 𝑵𝑻 𝜿 𝑴

[104: 103: 107]



 

𝑁𝑆

𝑵𝑺
𝑭𝒓𝒆𝒄𝒖𝒆𝒏𝒄𝒊𝒂 𝑻𝒆𝒎𝒑𝒆𝒓𝒂𝒕𝒖𝒓𝒂 𝑵𝑻 𝜿 𝑴

[103: 102: 106]

𝑁𝑆



 

𝑁𝑆

𝑵𝑺
𝑭𝒓𝒆𝒄𝒖𝒆𝒏𝒄𝒊𝒂 𝑻𝒆𝒎𝒑𝒆𝒓𝒂𝒕𝒖𝒓𝒂 𝑵𝑻 𝜿 𝑴

[102: 10 : 104]

𝑁𝑆 ≫ 1

𝑁𝑆



 

𝐺

𝐺 − 1

𝑁𝑆



 

 

𝑵𝑺
𝑭𝒓𝒆𝒄𝒖𝒆𝒏𝒄𝒊𝒂 𝑻𝒆𝒎𝒑𝒆𝒓𝒂𝒕𝒖𝒓𝒂 𝑵𝑻 𝜿 𝑴

[105: 104: 109]



 

𝑁𝑆

𝑵𝑺
𝑭𝒓𝒆𝒄𝒖𝒆𝒏𝒄𝒊𝒂 𝑻𝒆𝒎𝒑𝒆𝒓𝒂𝒕𝒖𝒓𝒂 𝑵𝑻 𝜿 𝑴

[105: 104: 108]

𝑁𝑆 

𝑁𝑆

𝑵𝑺
𝑭𝒓𝒆𝒄𝒖𝒆𝒏𝒄𝒊𝒂 𝑻𝒆𝒎𝒑𝒆𝒓𝒂𝒕𝒖𝒓𝒂 𝑵𝑻 𝜿 𝑴

[103: 102: 107]



 

103

10−10

𝑁𝑆

𝑵𝑺
𝑭𝒓𝒆𝒄𝒖𝒆𝒏𝒄𝒊𝒂 𝑻𝒆𝒎𝒑𝒆𝒓𝒂𝒕𝒖𝒓𝒂 𝑵𝑻 𝜿 𝑴

[103: 102 
: 107]



 

108

10−10

𝑁𝑆 = 0.1



 

 

𝑵𝑺
𝑭𝒓𝒆𝒄𝒖𝒆𝒏𝒄𝒊𝒂 𝑻𝒆𝒎𝒑𝒆𝒓𝒂𝒕𝒖𝒓𝒂 𝑵𝑻 𝜿 𝒎𝒂𝒕_𝒅𝒊𝒎

𝑉𝑇𝑀𝑆𝑉 =

(

  
 

2𝑁𝑠 + 1           0
0              2𝑁𝑠 + 1

2√𝑁𝑠(𝑁𝑠 + 1) 0

0 −2√𝑁𝑠(𝑁𝑠 + 1)

2√𝑁𝑠(𝑁𝑠 + 1) 0

0 −2√𝑁𝑠(𝑁𝑠 + 1)

2𝑁𝑠 + 1             0
0 2𝑁𝑠 + 1 )

  
 

=

𝑉𝑇𝑀𝑆𝑉 = (

1.02           0
0          1.02

0.20099 0
0 −0.20099

0.20099    0
0 −0.20099

1.02         0
0          1.02

)



 

𝐻0

𝑉0 = (

2𝑁𝑇 + 1 0 0              0
0 2𝑁𝑇 + 1 0               0
0
0

0
0

2𝑁𝑠 + 1 
0

0
2𝑁𝑠 + 1 

)

𝑉0 = (

21 0 0       0
0 21 0        0
0
0

0
0

1.02 
0

0
1.02 

)

𝐻0

𝐻0

𝐸𝑟𝑟𝑜𝑟𝑅𝑒𝑙 =
21 − 20.9998

21
𝑥100 = 9.52 × 10−4%

𝐻1



 

𝑉1 =

(

  
 

2𝜅𝑁𝑆 + 2𝑁𝑇 + 1    0

            0              2𝜅𝑁𝑆 + 2𝑁𝑇 + 1

2√𝜅√𝑁𝑠(𝑁𝑠 + 1) 0

0 −2√𝜅√𝑁𝑠(𝑁𝑠 + 1)

2√𝜅√𝑁𝑠(𝑁𝑠 + 1) 0

0 −2√𝜅√𝑁𝑠(𝑁𝑠 + 1)

2𝑁𝑠 + 1                  0
0                    2𝑁𝑠 + 1 )

  
 

𝑉1 = (

21.0002    0
            0              21.0002

0.020099 0
0 −0.020099

0.020099 0
0 −0.020099

1.02            0
0             1.02

)

𝐻1

𝐸𝑟𝑟𝑜𝑟𝑅𝑒𝑙 =
21.0002 − 21

21.0002
𝑥100 = 9.52 × 10−4%

𝑁𝑘 = 〈�̂�†(𝑘)�̂�(𝑘)〉

𝐺 = 1 + 𝜖2 𝜖2 =
𝑁𝑆

√𝑁𝑇

𝐺 = 1 +
𝑁𝑆

√𝑁𝑇

= 1 +
0.01

√10
= 1.00316

𝑁0 = 𝐺𝑁𝑆 + (𝐺 − 1)(1 + 𝑁𝑇) = 0.0447916



 

𝑁1 = 𝐺𝑁𝑆 + (𝐺 − 1)(1 + 𝑁𝑇 + 𝜅𝑁𝑆) + 2√𝐺(𝐺 − 1)√𝜅𝑁𝑆(𝑁𝑆 + 1) = 0.0459235

𝑁0 = 0.0448163

𝑁1 = 0.0459487

𝐸𝑟𝑟𝑜𝑟𝑅𝑒𝑙 0 =
0.0448163 − 0.0447916

0.0447916
𝑥100 = 0.055%

𝐸𝑟𝑟𝑜𝑟𝑅𝑒𝑙 1 =
0.0459487 − 0.0459235

0.0459235
𝑥100 = 0.054%



 

 

𝑵𝑺

𝑁𝑆

𝑁𝑆

𝑵𝑺
𝑭𝒓𝒆𝒄𝒖𝒆𝒏𝒄𝒊𝒂 𝑻𝒆𝒎𝒑𝒆𝒓𝒂𝒕𝒖𝒓𝒂 𝑵𝑻 𝜿 𝑴

[105: 104: 108]



 

𝑃𝑒 = 10−6

106

𝑃𝑒 = 0.5𝑥10−6

𝑃𝑒 = 1𝑥10−6

𝑃𝑒 = 5𝑥10−7



 

𝑁𝑆

𝑵𝑺
𝑭𝒓𝒆𝒄𝒖𝒆𝒏𝒄𝒊𝒂 𝑻𝒆𝒎𝒑𝒆𝒓𝒂𝒕𝒖𝒓𝒂 𝑵𝑻 𝜿 𝑴

[105: 104: 107]
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ℎ/𝑠𝑒𝑚𝑎𝑛𝑎 

  €/𝑚𝑒𝑠

  €/ℎ𝑜𝑟𝑎 



 

 

𝐶𝑜𝑠𝑡𝑒 = 𝑃𝑟𝑒𝑐𝑖𝑜 × 𝐶𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 ×
𝑀𝑒𝑠𝑒𝑠 𝑑𝑒 𝑢𝑠𝑜

12
= 1679.00 × 0.2 ×

3

12
= 83.95 €

𝐶𝑜𝑠𝑡𝑒 = 𝑃𝑟𝑒𝑐𝑖𝑜 × 𝐶𝑜𝑒𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑒 ×
𝑀𝑒𝑠𝑒𝑠 𝑑𝑒 𝑢𝑠𝑜

12
= 761.09 × 0.2 ×

2

12
= 25.37 €

𝐶𝑜𝑠𝑡𝑒𝑡𝑜𝑡𝑎𝑙 = 83.95 € + 25.37 € = 109.32 €

 



 



 



 



 

https://sede.agenciatributaria.gob.es/Sede/ayuda/manuales-videos-folletos/manuales-practicos/irpf-2020/capitulo-7-rendimientos-actividades-economicas-directa/fase-1-determinacion-rendimiento-neto/amortizaciones-dotaciones-ejercicio-fiscalmente-deducibles/requisitos-generales/coeficientes-amortizacion-lineal.html
https://sede.agenciatributaria.gob.es/Sede/ayuda/manuales-videos-folletos/manuales-practicos/irpf-2020/capitulo-7-rendimientos-actividades-economicas-directa/fase-1-determinacion-rendimiento-neto/amortizaciones-dotaciones-ejercicio-fiscalmente-deducibles/requisitos-generales/coeficientes-amortizacion-lineal.html
https://sede.agenciatributaria.gob.es/Sede/ayuda/manuales-videos-folletos/manuales-practicos/irpf-2020/capitulo-7-rendimientos-actividades-economicas-directa/fase-1-determinacion-rendimiento-neto/amortizaciones-dotaciones-ejercicio-fiscalmente-deducibles/requisitos-generales/coeficientes-amortizacion-lineal.html
https://sede.agenciatributaria.gob.es/Sede/ayuda/manuales-videos-folletos/manuales-practicos/irpf-2020/capitulo-7-rendimientos-actividades-economicas-directa/fase-1-determinacion-rendimiento-neto/amortizaciones-dotaciones-ejercicio-fiscalmente-deducibles/requisitos-generales/coeficientes-amortizacion-lineal.html
https://sede.agenciatributaria.gob.es/Sede/ayuda/manuales-videos-folletos/manuales-practicos/irpf-2020/capitulo-7-rendimientos-actividades-economicas-directa/fase-1-determinacion-rendimiento-neto/amortizaciones-dotaciones-ejercicio-fiscalmente-deducibles/requisitos-generales/coeficientes-amortizacion-lineal.html
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